Gauge-invariant description of several (2+l)-dimensional 
integrable nonlinear evolution equations 



V. G. Dubrovsky and A. V. Gramolin 

Novosibirsk State Technical University, Novosibirsk, Russia 



E-mail: dubrovsky@academ.org and gramolin@gmail.com 



o 
o 

Abstract 

We obtain new gauge-invariant forms of two-dimensional integrable systems of non- 
linear equations: the Sawada-Kotera and Kaup-Kuperschmidt system, the generalized 
| system of dispersive long waves, and the Nizhnik-Veselov-Novikov system. We show 

how these forms imply both new and well-known two-dimensional integrable nonlin- 
ear equations: the Sawada-Kotera equation, Kaup-Kuperschmidt equation, dispersive 
^\ long-wave system, Nizhnik-Veselov-Novikov equation, and modified Nizhnik-Veselov- 

Novikov equation. We consider Miura-type transformations between nonlinear equa- 
^ . tions in different gauges. 
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long-wave equation, Davey-Stewartson equation, Nizhnik-Veselov-Novikov equation 

1 Introduction 



The fundamental methods based on gauge transformations and the concept of gauge in- 
variance are currently widely used in physics and mathematics, in particular, in the theory 
of integrable nonlinear equations. The first applications of these methods in the theory of 
integrable nonlinear equations were proposed in [1-7] (also see [8-13] and the references 
therein) . 

A great many gauge-equivalent pairs of integrable models have been found. In the one- 
dimensional case, these include the nonlinear Schrodinger equation and Heisenberg ferromag- 
net equation, the equations describing the massive Thirring model and the two-dimensional 
relativistic field theory, and the Korteweg-de Vries (KdV) and modified KdV (mKdV) equa- 
tions. In the two-dimensional case, the currently most widely known gauge-equivalent pairs 
of equations are the Kadomtsev-Petviashvili (KP) and modified KP (mKP) equations and 
the Davey-Stewartson and Ishimori equations (see [8-14] and the references therein). 

We introduce the required terms and illustrate the unifying role of gauge transformations 
and gauge invariance with the well-known example of the interaction between a charged 
spinless particle and an external electromagnetic field with the vector and scalar potentials 
A(r, t) and ijj(r, t), 

( p — qA) 

ihiP t = y - n H ' V + qW, (1.1) 
2m 
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where p = —ihV is the particle momentum operator. The particle coupling to external fields 
has the well-known gauge-invariant form. 

From the standpoint of the inverse scattering method, Eq. (11 .11) is an auxiliary linear 
problem: a linear partial differential equation with variable coefficients for the wave func- 
tion ip. Under the gauge transformation 



exp 



ix(r,t)q 

h 



;i.2) 



Eq. (11. ip preserves its form if the potentials A and cj) are transformed as 

A^A' = A-V X , ^ 0' = (j) + X t- 
Eliminating the gauge function x from (jl.3h . we obtain the relations 



[V x A'] = [V x A], 
which mean that the quantities 



B = [Vx4 



-V0' 



OA' 



;i.3) 



;i-4) 



- def ^ <9A 



;i.5) 



which are well known in electrodynamics as the magnetic field induction B and electric 
field strength E, are invariants of gauge transformations. Moreover, definitions (I1.5P for the 
invariants B and E imply the subsystem of equations 



div5 = V • B = 0, V xE 



dB 



;i.6) 



which is a (sourceless) subsystem of the fundamental system of Maxwell equations. Thus, 
starting from the principle of local gauge invariance, we can obtain the gauge-invariant non- 
stationary Schrodinger equation for a charged spinless particle in an external electromagnetic 
field, the gauge invariants B and E, and a (sourceless) subsystem of fundamental Maxwell 
equations. Similar considerations are applicable to the case of integrable nonlinear equations. 



2 Gauge- invariant integrable system of KP and mKP 
equations 

We illustrate the methods based on the notion of gauge invariance with the well-known 
example of an integrable system of nonlinear KP and mKP equations. Auxiliary linear 
problems for the KP and mKP equations are particular cases of the following linear problems 
(with the respective gauges C [uq ^ 0, u x = 0) and C (u = 0, U\ ^ 0) for the KP and mKP 
equations): 

= (ad y + d 2 x + Ul d x + u )^ = 0, (2.1) 
L 2 iP = (d t + Adl + v 2 d 2 x + Vl d x + v )iP = 0, (2.2) 
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where the constant values a = i or a 2 = — 1 and a = 1 or a 2 = 1 respectively correspond to 
the cases of KP I or mKP-I and KP II or mKP-II equations. Because of (12.1 1) and (I2.2p . the 
compatibility condition in the Lax form [L±, Lj\ = leads to a system of evolution equations 
for the field variables u\ and uq [5,7], 



3 

uit + uixxx - ^u\ui x - Zou\ x d~ U\ y + 3a 2 d~ l ui yy + 

+ Qu 0xx - 6<Ju 0y + 6(u Ui) x - 2v 0x = 0, 

3 2 

«0t + 4:CTUoxxx + 6UqU 0x + 6UlU 0xx + -U x Uq x + SUoxUlx 
- ZaUQxd^Uiy - UiVq x - V Q xx ~ <™0y = 0. 



(2.3) 



For the gauge C (u ^ 0,wi = 0) with the choice of the variable vo = 3uo x — 3ad x 1 uo y , 
system (I2.3P implies the KP equation [1, 15] 

uot + u xxx + QuoUox + 3a 2 d~ l UQy y = 0. (2.4) 

For the gauge C (u = 0,ui ^ 0) with the choice of the variable v = const, system (12.31) 
implies the mKP equation 

3 

uu + uixxx - ~u\uix - ?>auixd~ l ui y + 3o 2 d~ l uiyy = 0. (2.5) 

System of equations (12.31) is called the system of KP-mKP equations. 

In terms of the pure gauge variable p and the invariant wq of the gauge transformations 
ip — > ip' = g~ Xr i\) determined by the expressions 

ui(x, y, t) = 2—, w = u - \i lx - - 1 u ly , (2.6) 

system of equations (12. 3p becomes 

Pt + ^Pxxx + GpxW + Spw 0x - 3ad~ 1 w 0y - pv = 0, (2.7) 
w ot + Wqxxx + 6w w 0x + Z^d^WQyy = 0. (2.8) 

System (12.71) . (12. 8p is the manifestly gauge- invariant form of system of KP-mKP equa- 
tions (12. 3p . This system has the following structure. It contains gauge- invariant KP equa- 
tion (12. 8p for the gauge invariant w and Eq. (12.71) for the pure gauge variable p with ad- 
ditional terms containing the gauge invariant wq and the additional field variable vq. If the 
invariant is zero, wq = 0, then KP-mKP system (12.71) . (12.81) reduces to the linear evolution 
equation for the pure gauge variable p: 

Pt + ^Pxxx - pv = 0. (2.9) 
We use the gauge invariant wq to obtain the Miura-type transformation from Eq. (12.81) . 

W = U = —jU lx - - I^Vy, (2.10) 
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which relates the solutions u (for the gauge C (u Q ^ 0, «i = 0)) and U\ (for the gauge 
C (uq — 0, Ui 7^ 0)) of KP equations (12 .4p and mKP equations (12. 5p . This also follows from 
Eq. (12. 8p written for the gauges C (uq ^ 0, u\ = 0) and C {uq = 0, u\ ^ 0): 

^ + Mctezz + 6u «ox + 3o- 2 d~ l u Qy y = 

- ^ + ^Mi + erd" 1 ^) ^Mij + Ux XX x ~ ^u\ui x - 3cru lx d~ 1 u ly + 3a 2 d~ l u lyy ^ = 0. (2.11) 

We stress that the separation of the physical and the pure gauge degrees of freedom in 
integrable nonlinear equations and their gauge-invariant formulation can be used to study 
the structure of these equations and the relations between their different gauge-equivalent 
realizations. 



3 Manifestly gauge- invariant integrable system of 
two-dimensional Kaup— Kuperschmidt and Sawada— 
Kotera equations 

In this section, we briefly discuss the results obtained up to now concerning the 
manifestly gauge-invariant formulation of two-dimensional integrable generalizations 
of the Kaup-Kuperschmidt (2.DKK) and Sawada-Kotera (2.DSK) nonlinear equa- 
tions. The auxiliary linear problems for these equations are particular cases (in 
the gauge C {u 2 = 0, u\ ^ 0, uo = Ui x /2) for the 2DKK equation and in the gauge 
C {u 2 = 0, U\ ^ 0, Uq = 0) for the 2DSK equation) of the problems [7] 

L\ip = (ad y + d 3 x + u 2 d\ + Ul d x + u )tp = 0, 

= (d t + k% + v 4 3£ + v 3 d 3 x + v 2 d 2 x + v x d x + v ) V> = 0. 1 K 

In terms of the pure gauge variable p and the invariants w and w\ of the gauge trans- 
formations ip — y ip' = 9~ x ^> given by the expressions 

u 2 = 3—, Wx = u x - u 2x - -u\, (3.2) 
p 3 

1 1 2 3 a , . . 

wo = u ~ ^uiu 2 - -u 2xx + —u 2 - -d x u 2y , (3.3) 

we obtain the manifestly gauge-invariant integrable system of 2.DKK-2.DSK nonlinear equa- 
tions 

5 5 5 10 

Pt + Kpr.v.v.v.v ~ PV + -K(p xx Wl) + -k(PxWo) + ~Kp x w\ + —Kp x Wi xx + 

3 3 x y 9 

10 10 5 „ , 5 „ , . 

+ —Kpw 0xx + —npwoWx - -nap x d x w ly - -napd x w 0y = 0, (3.4) 

1 5 , s 5 , N 5 2 10 

Wit - -xKW lxxxxx - -KlWtWtxx) - -MWo^iJ - -KW^xx + — OT W x 

.i y 1 3 y 3 

5 5 5 5 

- -nawi xxy - -nowiwiy + -zKa 2 d~ l w lyy - -Kawi x d~ w ly = 0, (3.5) 

y y y y 

W 0t - ^KWqxxxxx ~ g K { W O w l) xxx ~ qK>{wqWIxx) x + ^{woW 0x ) x ~ -k(w W 2 ) x - 

5 10 5 5 5 

- -Kaw 0xxy - —nawowiy - -KawiWo y + -K,a 2 d x 1 wo yy - -Kaw 0x d x l wi y = 0. (3.6) 

y y y y y 
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This system consists of gauge- invariant system of equations (13.51) . (13.61) for the gauge invari- 
ants w and Wi and Eq. (13.41) for the pure gauge variable p with additional terms containing 
the gauge invariants wq and w\ and the additional variable vq. For the zero- valued invariants 
wo = and w\ = 0, the 2.DKK-2DSK system given by (13.51) and (13. 6p reduces to the linear 
evolution equation for the pure gauge variable p: 

Pt + KPxxxxx - pvo = 0. (3.7) 

Gauge-invariant system of equations (I3.5p . (13. 6p for the invariants w and Wi coincides in 
form with the system obtained in [7] . This system admits the following reductions: 

1. In the case w$ = 0, we obtain an equation for the invariant Wi exactly coinciding with 
the 2DSK equation [7,16]. 

2. In the case wq = w\ x /2, we obtain an equation for the invariant w\ exactly coinciding 
with the 2DKK equation [7,16]. 

Obviously, the 2DKK and 2.DSK equations, as equations belonging to different sets of in- 
variants, are not gauge-equivalent to each other. 



4 A manifestly gauge- invariant integrable two- 
dimensional generalized dispersive long- wave system 

The gauge-invariant formulation of integrable systems of nonlinear equations can be obtained 
in all cases where the gauge freedom is taken into account in the corresponding auxiliary 
linear problems. In [17], such a formulation was obtained for the auxiliary linear problems 

LnP = (<9j, + u x dt: + v x d v + u )i) = 0, (4.1) 
L 2 ip = (d t + + K 2 d 2 v + wi<% + v x d v + v )^j = 0, (4.2) 

where Hi and k 2 are constants, £ = x + ay and r\ = x — ay are spatial variables, a 2 = ±1, and 
the derivatives are <9g = <9/<9£, d v = d/dr], <9| = <9 2 /<9£ 2 , etc. Such a choice of auxiliary linear 
problems (14. ip and (14. 2 p leads to the well-known two-dimensional generalized dispersive 
long- wave (2DgDLW) equation [18], the system of Davey-Stewartson (DS) equations [19], 
their reductions, and some other equations. All the listed well-known integrable nonlinear 
equations were previously obtained from the compatibility condition for auxiliary linear 
problems (14. ip and (14.21) in the form of the Manakov triad representation [20] 

[L 1 ,L 2 ]=BL 1 . (4.3) 

To obtain the manifestly gauge-invariant formulation of the corresponding integrable 
system of nonlinear equations, it is convenient to use the classical gauge invariants W2, W2, 
and Wi, 



W 2 = f U - - UiV-y —u'q — u'^ - U[v[, 
dcf 

— — " — v lv 

Wi = f Ux£ - v Vr] = u'^ - v[ v , 



W 2 = u - v lri - mvi =u - v t - u 1 v 1 , (4.4J 
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and the pure gauge variable p related to the field variable Ui(£,rj,t) as 

Ul = (\ogp) v . (4.5) 

The variable p corresponds to the pure gauge degrees of freedom and is transformed according 
to the simple law p — > p' = gp under the gauge transformations ip — > ip' = g~ x ip- 

We note that the invariants w 2 and w 2 in auxiliary problem (14.11) are the Laplace invari- 
ants h = w 2 and k = w 2 for the corresponding classical differential equation (see, e.g., the 
well-known Forsyth monograph on differential equations [21]). 

In the case under study with auxiliary linear problem (14.21) determining the time evolu- 
tion, the corresponding integrable system of nonlinear equations in terms of the variables p, 
Wi, and w 2 becomes 

p t = -K!Ptf - K 2 p m ~ 2n 1 pd~ 1 w 2 t + 2n 2 p v d^ 1 w 1 + v p, (4.6) 
w u = -mw m + K 2 w lrm - 2/tiu? 2 « + 2K 2 w 2rrn - 2n 1 (wid~ l w 1 ) i + 2K 2 (w 1 d^ 1 w 1 ) ^ (4.7) 
w 2t = k x w 2 ^ - K 2 w 2rrn - 2K 1 (w 2 d~ 1 w 1 ) i + 2K 2 (w 2 d^ 1 w 1 ) r ^. (4.8) 

Gauge- invariant subsystem (14. 7p . (14.81) for the invariants w± = — V\ v and 

w 2 = u — — U\V\ of system of equations CI4.6j) — f!4.8[) with u\ — 0, V\ — —q/2, 
and Uq = (1 + r — g r? )/4 in terms of the variables q and r becomes 

q t = -k^t^ + K 2 r v - y (g 2 ) ? + K 2 q v d^q v , ^ 

r t = -K t q^ + K 2 d^q m - ^q^ + K 2 q mv - Ki(rq)^ + K 2 (rd^ l q v ) ^. 

In the particular case where k 2 = 0, system of equations (14.91) reduces to the well-known 
integrable 2£>gDLW system [18] 

^ = -^-y(? 2 W (410) 

= -Ki(qr + q + q^) ^. 

In the one-dimensional limit £ = 77, system (14. 9p (ki — k 2 — 1) and system (14.101) (k,i = 1) 
reduce to the well-known dispersive long- wave equation (see, e.g., [22]). Therefore, integrable 
system of nonlinear equations fl4.6p - fl4.8l) can be called the 2DgDLW system. 

Integrable system f l4.6l) -f l4~8l) in terms of the variables (p = logp, wi, and w 2 becomes 

(pt = -^(ptt - n 2 (j) m - /«i(0 5 ) 2 - n 2 ((j) ri ) 2 - 2n 1 d~ 1 w 2! : + 2n 2 (j) ri d~ 1 w 1 + v , (4.11) 

Wu = -KiWitf - K 2 wi m - 2kxW 2 ^ + 2K 2 w 2m - 2K 1 (w 1 d~ 1 w 1 ) ! ; + 2n 2 (wid i 1 w 1 ) ri , (4.12) 

w 2t = K!W 2 ^ - K 2 w 2m - 2ni(w 2 d~ 1 wi) ! ; + 2n 2 (w 2 d ( 1 w 1 ) rr (4.13) 

Integrable system fl4.6p - fl4.8p in terms of the variables <p = logp, w 2 , and w 2 = w 2 + w± 
becomes more symmetric, 

(pt = -Kl<j>& ~ K 2 (p m - Klifa) 2 - K 2 ((p v ) 2 - 2ki^ 1 W 25 + 2K 2 (p r ,d^ 1 W 1 + Vq, (4.14) 

w 2t = Kxw^t- - K 2 w 2m - 2n 1 (w 2 d~ 1 (w 2 - w 2 )) i + 2n 2 (w 2 d^ 1 (w 2 - w 2 ))^ (4.15) 
w 2t = -n\w 2 ^ + K 2 w 2rfn - 2Ki{w 2 d~ 1 (w 2 - w 2 )) ( + 2n 2 {w 2 d^ 1 (w 2 - w 2 ))^. (4.16) 

All the mutually equivalent integrable systems of 2DgDLW nonlinear equations consid- 
ered above, (l4T6]) -(fl~8l). (I4.lip fl4.13j) . and (I4.14p - fl4.16p have the following common charac- 
teristic gauge structure: 
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a. They contain manifestly gauge-invariant subsystems (14. 7p . (14. 8p and (14.121) . (14.131) 
of nonlinear equations for the gauge invariants W\ and w 2 (or, equivalently, subsys- 
tem (I4.15p . (14.161) for the gauge invariants u>2 and u>2). 

b. They contain Eq. (14.61) for the pure gauge variable p (or Eq. (14.111) for the variable 
<p = logp), which satisfies a simple transformation law p — > p' = gp with additional 
terms containing the gauge invariants and the additional field variable vq. 

Such a structure of the 2Z)gDLW system reflects a significant gauge freedom in auxiliary 
linear problems (14.11) and (14. 2p . 

We consider several particular gauges of systems of 2DgDUW equations (l4.6D - fl4.8p . 
(I4.11I) - (I4.13I) . and (14.14H — (I4.16H . We let C (m, v x , u ) denote the gauge in general posi- 
tion. In the gauge C {u\ = <p v ,vi = (p^,uo = 4>^ v + 4>^4>ri), which by definitions (I4.4p of the 
invariants corresponds to the zero values of the invariants Wi and W2, 

U>! = U\£ — V lr) = 0, W 2 = Uq — — U\V\ = 0, W2 = 0, (4-17) 

system of 2_DgDLW equations (I4.14p - (l4.16p reduces to the two-dimensional Burgers equation 
in potential form 

(j) t = -Ki<j)tf - K 2 <p m - Kl(^) 2 - K 2 (4>ri) 2 + V , (4.18) 

or, in terms of the variable p related to the Hopf-Cole transformation = log p, to the linear 
diffusion equation 

Pt = -KiPtt ~ &iP m + v p. (4.19) 

It follows from the above construction that Eq. (14.181) (or Eq. (14.191) ) is the compatibility 
condition for auxiliary problems (14. ip and (14. 2 p in Lax form, 

[L 1 ,L 2 ] = B(w 1 )L 1 = 0. (4.20) 

In another simple gauge, C (ui = 4> n ,v\ = 0,u = 0), which by definitions (14.41) corre- 
sponds to the invariants 

wi = 0^, w 2 = - fa, w 2 = 0, (4.21) 

system of 2DgDLW equations (14. 14j) (14. 16j) again reduces to the single Burgers-type equation 
in potential form 

(f) t = - K 2 (f) rm - Ki(0 ? ) 2 + K 2 ((f), n ) 2 + V , (4.22) 

This equation can be linearized by the Hopf-Cole transformation <ft = — log p to the corre- 
sponding linear equation 

Pt = - K2P m - pv . (4.23) 

In the gauge C {ui = 0, V\ = —q^/q, Uq = pq), it follows from (I4.4p that the invariants W\, 
w 2 , and w 2 are given by the expressions 

Wi = (logg) ??? , w 2 = u =pq, w 2 =pq+ (logg)^, (4.24) 

the variable p according to H4.5[) has a constant value, and the variable is equal to zero. 
According to (14.141) . for the variable vq, we have 

v = -2K X d- l W2t = -2/t 1 9- 1 (pg) ? . (4.25) 
7 



After some calculations in the case under study, system of 2DgDLW equations (14.141) — f)4. 161) 
implies the well-known system of DS equations [19] for the variables p and q: 

Pt = - K 2 Prm + 2K 1 pd~ 1 (pq) ( - 2K 2 pd7 1 (pq) , 

-i/ \ — l / \ ( 4 - 26 ) 

qt = + K 2 q m - 2K 1 qd T) (pq) ( + 2n 2 qd^ {pq) r] - 

In the gauge C {u\ = p v , v\ = q%, uo = p v q%), it follows from (14.41) that the invariants can 
be expressed in terms of the variables q and p as 

wi = Pi v - qfr, w 2 = -pfr, w 2 = -q iv . (4.27) 

We substitute w±, w 2 , and w 2 given by (14.271) in system (14 . 14 j) (14 . 1 6 j) and obtain three 
equations for the variables p and q. Equation (14.141) for <f> = p implies the first equation 

Pt = KiPtf - n 2 p m - Ki(p 5 ) 2 + K 2 (p v ) 2 - 2K 2 p v qr, + v . (4.28) 

The other two equations follow from Eqs. (14.151) and (14. 16j) for the invariants w 2 and w 2 and 
can be expressed in terms of the variables p and q as 

Pt = ^lPa - KiP m - ^i(Pc) 2 + K 2 (p v ) 2 + 2kii9~ 1 (pfrqe) - 2n 2 d^ (p^q v ) , (4.29) 
q t = -Kiqg + K 2 q m + ^{q^f - K 2 (q v ) 2 - 2k 1 <9~ 1 (q^Pt) + 2n 2 d^ (q^Pr,) • (4.30) 

Equations (14.281) and (I4.29[) are compatible under the choice of the variable 

v = 2ki<9~ 1 (pz v qt) + 2n 2 d^ (q^Pn) ■ (4-31) 

In this case, system of three equations (I4.28p - (l4.30p reduces to system of two equations (14.291) 
and (14.301) . which contains the derivatives p^ v q^, P^Qri, etc., in nonlocal terms. 

Similarly, in the gauge C {u\ = p v , i>i = q%, u = 0), it follows from (14.41) that the invari- 
ants wi, w 2 , and w 2 can be expressed as 

wi = p^ ~ qfr, w 2 = -p£ v - p^ w 2 = -q iv - p v q^. (4.32) 
Equation (14. lip for = p with (14.321) taken into account becomes 

Pt = kiPk - KiPrm ~ K i(Ptf + K 2{Pr,) 2 - 2n 2 p v q v + 2n x d~ l {p v q^) ( + v . (4.33) 
Substituting expressions (I4.32p for W\ and w 2 , we transform Eq. (14. 12j) as 

Pt~qt = «i (p + ?) K - K 2 (p + q) m - Ki (p € - g ? ) 2 + 

+ Ki{Pv - q v ) 2 + 2nid~ l (p v q^ ^ - 2n 2 d^ (p v q^) v - (4.34) 
Subtracting Eq. (14.341) from (I4.33j) . we obtain the evolution equation for the variable q: 

qt = + K 2 q vn + Ki(g^) 2 - K 2 (q q ) 2 - 2Kip^ + 2k 2 3^ 1 (p v qi) v + v Q . (4.35) 

It follows from (14.321) that Eq. (14.131) for the invariant w 2 in terms of the variables p and q 
becomes 

(Ptv + Pn9t)t = Kl (P€i + P*%)k ~ K 2 (Pen + Pv<k) m ~ 

- 2K 1 ((p iv + p v q^(p 6 - qt)) £ + 2K 2 ((pt v +P v qt)(p v - q v )) v - (4.36) 
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Equations fl4.34l) - fl4.36l) are compatible if the variable v satisfies the relation 

Voz v + V n v 0(, + Q£ v o v = 0. (4.37) 

In the case where v = 0, system of three equations fl4.34p - fl4.36p implies the equivalent 
system of two equations 

Pt = KlPtf ~ K>2P m ~ K l(^) 2 + K 2 (Pr,) 2 ~ ^2Pr,% + ^ld^ 1 (Prflt) f , 

2 2 (4.38) 

q t = -K%q^ + K 2 q m + «i (<&) - k 2 (<?,,) - ZKiPtft + 2/t 2 <9 i r 1 (pr,qi) v - 

This system of equations was first obtained in a different context in [23]. 

To conclude this section, we discuss Miura-type transformations between different sys- 
tems of nonlinear second-order DS-type equations obtained above in different gauges. For 
convenience, we let P = p and Q = q denote the solutions of system of nonlinear DS-type 
equations (14.261) . We use the invariants w\ and w 2 to obtain the relations between the 
variables P and Q of DS system (14.261) and the variables p and q of system (I4.29p . (14.301) : 

W! = {\ogQ)^ = p^-qt. v , w 2 = PQ = - p ^. (4.39) 
Relation (I4.39P implies the corresponding Miura-type transformation 

Q = eP-9, p = - p&t e *-P. (4.40) 
Quite similarly, for the pair of systems of DS-type equations (I4.26P and (I4.38p . we obtain 
wi = (logQ) €fJ = Pzt, - w 2 = PQ = -Pz v ~ P v %- ( 4 - 41 ) 

From (14.411) . we also obtain a Miura-type transformation between the corresponding solutions 

Q = e P-«, F = jtyfc)e«-*\ (4.42) 

Transformations (I4.40p and (14.421) permit obtaining solutions of the well-known system 
of DS equations (I4.26P from the corresponding solutions of systems of Eqs. (14.291) . (I4.30p . 
and (I4.38p . Therefore, these transformations are Miura-type transformations between the 
solutions of gauge-equivalent systems of second-order DS-type equations. 



5 Manifestly gauge- invariant system of integrable 
Nizhnik— Veselov— Novikov equations 

We consider the results recently obtained in [17] concerning the gauge-invariant formulation 
of two-dimensional nonlinear evolution equations integrable using the two auxiliary linear 
problems 

= {91, + u 1 d i + v 1 d v + u )^ = 0, (5.1) 
L 2 ip = (d t + /«i<9f + K 2 dl + u 2 dl + v 2 d\ + «i<% + v x d r] + v )tp = 0, (5.2) 

where n\ and k 2 are constants, £ = x + cry and r\ = x — oy are spatial coordinates, and 
a 2 = ±1. 
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We use the compatibility condition in the Manakov triad form [20] (see (14.3j) ) to reduce 
auxiliary linear problems (15 .ip and (15.21) to the previously obtained and well-known Nizhnik- 
Veselov-Novikov (NVN) equations and to some other equations [24-27] (also see [12,13] and 
the references therein). 

In the case under study, just as for the system of 2_DgDLW equations, formulas (14.41) 
and (14.51) give the field variables, the classical invariants w 2 and Wi, and the pure gauge 
variable p, which are convenient for the gauge-invariant formulation. In the case of auxiliary 
linear problem (15.21) . the first invariant w\ is equal to zero (w\ = 0), and the corresponding 
integrable system of nonlinear equations [17] in terms of the variables p and w 2 has the form 

Pt = -KiPtft - K 2 p vvv - 3n 1 p s .d v 1 w 2 t i - SK 2 p v d^ 1 w 2v + v p, (5.3) 
w 2t = -K!W 2 ^ - K 2 w 2vm - ?>K 1 (w 2 d~ 1 w 2i ) { - Sk^w^^w^) j? . (5.4) 

System of equations (15.31) . (15.41) in terms of the variables (fi = logp and w 2 becomes 

(fit = -Kl<fi^ ~ K 2 <fi vm ~ K l(4>d 3 ~ K 2{<fin) 3 - 3Kl0£<% - 2>K 2 4> v 4>rm - 

- "inicfi^d^w^ - SK^rjd^W^ + v , (5.5) 

w 2t = -KiWztft - K 2 w 2vrrn - 3K 1 (w 2 d^ 1 w 2i ) € - 3n 2 (w 2 d^ 1 w 2 , n ) ri . (5.6) 

Equation (15.41) (or (15.61) ) for the gauge invariant w 2 = u — — U\V\ of the last two 
systems exactly coincides in form with the well-known NVN equation [24, 25] 

u t = -Kiu^ 5 - K 2 u mv - Zn^ud^ut:)^ - ^(ud^Ur)^. (5.7) 

Integrable system (15.31) . (15.4j) (or ( 15. 51) . (15. 6f) ) can therefore be called the system of NVN 
equations. 

Integrable system of NVN equations (I5.3p . (15.41) (or (15.51) . ( 15.61) ) has the following gauge 
structure: 

a. It contains manifestly gauge- invariant equation (15 .4p (or (15. 6p ) for the invariant w 2 . 

b. It contains Eq. (15. 3p (or (15.51) ) for the pure gauge variable p (or (fi) with some additional 
terms containing the gauge invariant w 2 and the additional field variable t>o used in 
auxiliary linear problem (15.21) . 

For w 2 = 0, system of NVN equations ( 15. 3p . ( 15.41) (or (15.51) . (15. 6p ) reduces to the single 
linear equation 

In terms of the variable (fi = logp, linear equation (15.81) looks like the third-order Burgers 
equation 

(fit = -Kx(j) m - - ^l(0e) 3 - ^2(0r,) 3 ~ ^l4>i4>H ~ 3 >K 2 (fi v (fi m + V , (5.9) 

which is linearized by the substitution (fi = log p and is hence C-integrable. 

We let C ((fi, u , Vq) denote the gauge corresponding to the nonzero field variables U\ = (fi^, 
Vi = <f>£, Uq, and v$ of auxiliary linear problems (15. ip and (15. 2p and hence to system of NVN 
equations (15. 5p . (15.61) in general position. In different gauges, the NVN system implies 
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different gauge-equivalent integrable nonlinear equations. The solutions of these equations 
are related by Miura-type transformations. 

For example, in the gauge C (0, uq,0), system of NVN equations (15.51) . (15.61) reduces to 
the well-known NVN equation [24,25] for the field variable uq\ 

uot = -Kinoes - k 2 u 0vV ti - SKxiuod^uo^^ - 3K 2 (uod^ 1 u . n ) ri . (5.10) 

In another gauge, C (0, 0,t> ), NVN system (15.51) . (15.61) becomes 

(fit = -Kifezz - K 2 4> mv - Kl{4>ii) 3 - K2{4> V ) 3 + 

+ Sni^d" 1 ((f>£(f>n) 6 + 3K 2 (p v d^ (<Pz<f) v ) v + v , (5.11) 

( d \ v + fivfy + <^)0t = ( d \ v + <fiv d t + <fit d v) - K 2<fi vvv ~ 

- k^) 3 - K 2 ((fi v ) 3 + ZKt^d- 1 (0^0^ + 3K 2 <P v d^ (fcfa) J . (5.12) 

By (15.111) and (15.121) . NVN system (15.51) . (15.61) in the gauge C (0, 0, t>o) reduces to the system 
of equations 

(fit = - K2(j)rpm ~ K l(0€) 3 _ K 2(4> v ) 3 + 

+ ((pt&r,) £ + 3n 2 (fi n d^ 1 (^ v ) v + v , (5.13) 

( d t v + 0V 9 !; + h d v) v o = 0- 

For v = 0, system of equations (15.131) reduces to the well-known modified NVN (mNVN) 
equation 

(fit = -«i0^ - K2<fi mv - ^i(0c) 3 ~ K 2{<fi v ) 3 + 3K 1 <fi (L d~ l ((fiz&n) £ + 3K 2 (fi v d^ 1 ((f>^(fi v } v , (5.14) 

which was first obtained in a different context by Konopelchenko [26]. We note that mNVN 
equation (15.141) differs from the mNVN equation obtained by Bogdanov [27]. The new system 
of equations (15.131) can also be called a system of mNVN equations. 

Obviously, the solutions u and (fi of NVN equations (I5.10p and mNVN equations (15.141) 
are related by the Miura-type transformation 

«o = -0^77 - <fiti<fi v (5.15) 

through the gauge invariant w 2 = u = — 0^ — (fi((fi v (calculated in the different gauges 
C (0, M , 0) and C (0,0,0)). 

In the one-dimensional limit with coinciding derivatives = d v , mNVN equation (15.141) 
reduces to mKdV equation in potential form 

<fit = -K<fi^ + M<fiz) 3 , (5-16) 
where k = n± + k 2 . In terms of the variable v\ = 0g, this is the mKdV equation 

v\ t = — « vitft + Qk v\vi£. (5-17) 
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6 Conclusion 



The ideas of gauge invariance are currently widely used in the theory of integrable nonlin- 
ear equations. A manifestly gauge-invariant formulation of integrable systems of nonlinear 
equations can be given in all cases where the gauge freedom is properly taken into account 
in the corresponding auxiliary linear problems. 
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